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motion of an elastically isotropic spherical shell attached to an elastic equatorial beam of
rectangular cross section. The mass densities and elasticities of the shell and beam are,
in general, different. Remarkably, for the natural frequencies, the final set of eight linear
homogeneous algebraic equations uncouples into two sets of four. The only approxima-

tions made are of the same order of magnitude as those inherent in classical shell and
beam theory. Although solutions of the shell equations involve Legendre functions (and
not polynomials), the final set of algebraic equations involve only trigonometric and
gamma functions. Several special exact solutions are given. In Part II, perturbation
techniques are used to find the natural frequencies for beam-shell configurations ranging
from nearly pure beams to nearly pure shells. [DOI: 10.1115/1.3197466]

1 Introduction

This paper was motivated by the question: Is it possible to
image living tissue by injecting into veins or arteries minute
spherical bubbles engirdled by copper rings and then exciting
these ring-bubble configurations by an external electromagnetic
field? As the dimensions of the ring-bubbles are several orders of
magnitude larger than a typical molecular diameter, a reasonable
approach to this question is via a continuum model. Thus, we
assume that the spherical bubble and the encircling wire may be
modeled by classical shell and beam theory. By “classical” we
mean that we neglect the effects of transverse shear stress on the
stress-strain relations and rotary inertia on the equations of mo-
tion. Within the limits of classical theory, the effect of the beam
on the shell is that of a dynamic line load acting at the equator of
the midsurface of the shell. To find the overall response requires
that we first find the general solutions of the equations of motion
of two hemispherical shells and then join these at the equator by
four kinematic continuity conditions and four kinetic jump condi-
tions, the latter coming from the differential equations of motion
satisfied by the attached circular beam. Natural frequencies and
mode shapes are found, which can be used to synthesize the re-
sponse of the ring-sphere to an external (piezoelectric) force ap-
plied to the ring.

The linearized equations of motion of an elastically isotropic
shell have been developed, for example, by Niordson in Ref. [1],
where natural frequencies and mode shapes have been worked out
analytically (in terms of Legendre polynomials) for complete
shells and numerically for various open shells. (See also, Ref. [2],
p. 549, where earlier results by Lamb are summarized.) We use
this work in Part I of this paper. As Niordson [1] showed, the
tensor form of the equations of motion of the shell plus the special
symmetry of a sphere lead straightaway to three reduced scalar
equations. For the beam equations we use the well-known linear-
ized equations of motion of a circular beam of rectangular cross
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section subject to external forces and a moment, these being the
reaction forces and moment exerted by the shell and the external
electromagnetic forces. Then, introducing spherical coordinates,
we write down explicitly the eight aforementioned junction con-
ditions at the equator. Remarkably, the equations for the natural
frequencies of the beam-shell uncouple into two classes, which
simplifies the subsequent analysis considerably. To end Part I, we
compute exactly the natural frequencies for several special cases.

In Part II, we take advantage of the small thickness to radius
ratios of the shell and the beam to compute approximations to the
natural frequencies and modes of the coupled beam-shell system.

2 The Equations of Motion of an Elastically Isotropic
Spherical Shell

The geometry of a sphere makes tensor analysis particularly
convenient for deriving scalar equations of motion for an elasti-
cally isotropic spherical shell of midsurface radius R. Thus, let the
position of a point on the midsurface with respect to fixed dextral
Cartesian axes Oxyz be denoted by R=Rn(6#%), where n is the
outward unit normal at a point on the midsurface with Gaussian
coordinates 6%, @=1,2.With a comma followed by a subscript de-
noting partial differentiation with respect to the coordinate carry-
ing that index, the covariant base vectors are

R,,=Rn,,a=1,2 (1)

The Christoffel symbols and the covariant components of the sur-

face curvature tensor are defined by the second derivative of the

position

Rn,aﬁ= I‘?);BRSQ/_{— ba/_gn, (2)

where a repeated index is to be summed from 1 to 2. Denoting the

covariant components of the metric tensor by aaBERzn,a-n, B We
see from Egs. (1) and (2) that

baﬁan'n,aﬁ=—Rn,a'n,B=—R_laaB (3)

It is this geometrical fact that makes a spherical surface so special.
As is standard, indices are raised or lowered with respect to a,g or
a®®, where a“Pag,= 97, the Kronecker delta.
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The classical shell theory developed independently by Sanders
[3] and Koiter [4], and dubbed by Budiansky and Sanders [5] as
the “best” in a family of competing tensorial theories, is distin-
guished by a bending strain tensor that is expressible in terms of
midsurface rotations only. However, as Niordson points out [1],
one of the competing tensorial theories is actually simpler for the
exceptional case of a spherical shell.

Thus, with N®#, M, K%B and E*# denoting, respectively, the
contravariant components of the modified symmetric stress result-
ant, stress couple, bending strain, and extensional strain tensors
used by Niordson [1], and with

u=u"R,,+wn, m=mR,,Xn (4)

denoting, respectively, the midsurface displacement, the external
pressure, and the external moment; the equations of motion and
compatibility conditions read

p=p“R,,+pn,

N+ pP = R"'mP = phiiP (5)

- M| ,5—R>M —R'N +p —m“|, = ph (6)
k*",=0 (7)

E*| 4+ R?E-R'K=0 (8)

In these equations, a vertical bar denotes covariant differentiation
(based on aaﬁ), a superimposed double dot denotes the second
time derivative (acceleration), p, is the constant mass density of
the shell, % is the constant shell thickness, N= N7, etc., is a trace,
and

KB 2 PR — KP etc. 9)
The field equations (5)—(8) are supplemented by the uncoupled,

elastically isotropic constitutive relations

E*B = A[a®BN - (1 + v)N*F] (10)

M8 =D[a"PK - (1 - p)K*] (11)

where A and D are elastic constants and v and u are, respectively,
Poisson ratios of stretching and bending. Conventionally

PO

TER T 12007

where Eg is the Young’s modulus of the shell. However, we shall
take the four elastic constants as independent until Part II. Note

that the homogeneous form of Egs. (5)—(8), (10), and (11) exhibit
the static-geometric duality

V=4 (12)

{NaB. KB peB.— EoB A:— D, vi— o} (13)
The meaning of this symbol is that if the variables and constants
to the left of the colons are replaced by those on the right, then
Egs. (5), (6), and (10) with the external loads and inertial terms
set to zero, turn into Egs. (7), (8), and (11).
To complete our field equations we add the strain-displacement
relations
E.p= %(uaw +g,) + R"laaﬁw, Kog=Wiop+ R"zaaﬁw
(14)
Finally, we follow Niordson [1] and decompose the tangential
displacements by setting

MazR(l//w/-‘_saﬁX‘B) (15)

so that
1 -
Eaﬁle:lMa,B-"E(Sa'yx|g+8/37)(|l)]+R laa,BW (16)
In Eq. (15), 44 is the covariant components of the surface per-

mutation tensor.
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3 Harmonic Motion of Hemispherical Shells

If we assume that all dependent variables have the form
F(6%,0)=F(6%e'", drop the tildes, and take the real part, the field

equations retain their forms except that j— —w?y, etc. Further-
more, because the external loads on the closed spherical shell are
taken as line loads acting at the equator, we may drop these terms
when considering the field equations in either of the hemispheres
nee,>0 or n*e, <0, where e, is a unit vector along the z-axis.
Following Ref. [1], we now reduce the field equations in each
hemisphere to two coupled equations for w and ¢ and a single
equation for Y.
First, we invert the constitutive relation (10) to obtain

A(1 = PN = pa®PE + (1 - v)E*P = a®PE - (1 - ) E*#
(17)

Then, we insert the constitutive relations (11) and (17) into Eq. (6)
and note the compatibility condition (7) to obtain

—DRZ?A+1+wWK-[AR(1 = )] 'E+phe’*w=0 (18)

where A()£R*a*A()|,p is the dimensionless Laplacian on the
spherical midsurface. But from Egs. (14), and (16)

K=R2A+2w, E=R Y Ay+2w) (19)

Thus, Eq. (18) reduces to the first of our two coupled equations

EA+2)A+1+ww+(1-v) {(Ag+2w) - QPw=0 (20)
where

AD h?

R> 121 - 1A)R?

To obtain a second equation relating the normal displacement w
and the displacement function ¢, we first differentiate the (dy-
namic) equilibrium equation (5) and insert the decomposition (15)
to obtain

24

€ <1 and QO>2phAR*e? (21)

N g+ phR™ 0*Ahp=0
But by Egs. (8), (17), and (19)
A(l = ARN®| 5=R[AE + (1 - v)(E-RK)]= A[A¢r+ (1 - v) ¢

(22)

+(1+v)w] (23)
Hence, by Eq. (21),, Eq. (22) reduces to
A[AY+ (1 =)+ (1 +v)w+ (1 -17)Q* Y] =0 (24)

The term in brackets is harmonic but must vanish, as Niordson
shows [1]. Thus, the equation that complements Eq. (20) is

A+ (1 =)+ (1+v)w+ (1 -17)Q%P=0 (25)

Finally, to derive an equation for the torsionlike displacement
potential x, we first apply the operator £g,()|” to both sides of
Eq. (5) and note Eq. (15), the decomposition of the tangential
displacement. Thus

e N1+ pR 20’ Ax =0 (26)

Next, from Eq. (16) and with the aid of the identity £f7e,,
= 43200,

sﬂyEaﬁ\“=R"lsﬂy(A4//+ w),ﬁ+x|ga— %R"ZA)(W (27)

Now, because covariant differentiation does not commute on a
curved surface,

X7¥=x“"+Gx|"=R*(A+1)x]” on a sphere  (28)
where the Gaussian curvature G=R2. Thus, Eq. (27) implies that

ePYE %= SRAA +2)x (29)
Upon inserting Egs. (17) and (29) into Eq. (26) and noting Eq.
(21),, we have
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A[A+2+2(1+)Qx=0 (30)

As Niordson shows [1], the harmonic term in brackets vanishes.
Thus, the third equation governing the time-harmonic motion of
either hemisphere of a closed spherical shell is

[A+2+2(1+v)Q*x=0 (31)

4 Spherical Coordinates and Jump Conditions at the
Equator

We now introduce spherical coordinates, 0'=0, 0=6
<2m, #=¢, 0=¢=m. Continuity of displacement and rota-
tion at the equator requires that

Tu=0, [w.,0=0, (32)
where the symbol [+] denotes the jump in a function as the polar
angle ¢ increases through 1/27. Because w\aﬁzw,aﬁ—Fgﬁw,y
and Aw=w,gg+csc ¢(sin ¢pw,y),4, the kinematic continuity (or
jump) condition (32), the constitutive relation (11), the compat-
ibility condition (7), plus the strain-displacement relation (14) im-
ply that

[M,]=0, [My,]=D[Aw], Maﬂ|a = DR_4AW|'B (33)

which, in turn, imply that at the equator, in addition to a line load,
the beam exerts a line moment on the shell (and vice versa) that
lies along the circumferential unit vector e.

The equations of motion (5) and (6), with the ¢/ dependence
of each term removed, can be written as

1 (9 .
Eﬁ(\*’dN“) +p+photu=0 (34)
where a=det(a,g) and
N*= (NP +R'MP)R,5+ 0, Q%= —(MP|z+m)
(35)

We now set
e,=cos fe, +sin fe, = 1‘1(9,%77), €y=—sin e, +cos fe,
(36)

where e,, e,, and e, are the standard orthogonal base vectors as-
sociated with the coordinate system Oxyz, and take {p,m°R,,}
=R"YP(0).M(0)e,(0)}5(p—1/2m), where & is the Dirac delta
function. Thus, Eq. (34) expands to

IN' a s 1 5
— +———(in pN) +R"'PS| p— =7 | + psw'u =0
a6  sin ¢pd¢ 2

(37)

Integrating both sides of Eq. (37) with respect to ¢ from 1/2
—a to 1/27+a and letting a— 0, we obtain the jump condition

RIN?]+P(0) =0 (38)

Note that Egs. (33); and (35), imply that —[Q“|=[M?"|4]
=DR‘4|[(AW),¢,]]. Furthermore, integrating Eq. (35), from ¢
=1/2m—ato ¢>=%7T+a, letting a — 0 and assuming that the trans-
verse shear stress resultant is finite, we obtain by Eq. (33) the
additional jump condition

[M*]=-R>M(6)
so that Eq. (38) expands to
RA([N*']e,s+ [N = R>M(6)]e. - DR[(Aw), 4le,) + P(6) =0
(40)

Equations (32), (39), and (40) are equivalent to eight scalar jump
conditions.

(39)
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5 The Equatorial Beam Equations

The classical linear dynamic equations of a circular beam of
rectangular cross section comprise three equations of translational
momentum and three of rotational momentum, with rotary inertia
neglected. Recalling that all dependent variables vary as e/, we
set

U(0) 2 u(60,37) 2 U(D)ey(6) + V(B)e. + W(O)e,(6)  (41)
and
D(0) 2 R ¢y(6.57) =R'[AO) - V(O)], ALw,,(6.57)
(42)
where A is the local angle of twist of the beam.
With
T=Twey+Te +Te, and C=Cpy+Ce.+Ce,. (43)

denoting, respectively, the force and couple acting over a section
f=constant, the equations of harmonic motion of a beam of rect-
angular cross section H (in the z-direction) XB (in the radial
direction) and mass density p read
R'T' + pBHo’U +F(0) =P(6), R7'C’ +e,X T=M(6)ey6)

(44)
where ()’ =d/d6 and F(6) is the external force/length applied to
the beam, the ¢/’ dependence being assumed. From Egs. (43) and

(44),,

T=Tgy+R'[(Co—C)le.+Cle], Cy+C,=RM(6) (45)
Hence, by Egs. (41) and (44),, the jump condition (40) reduces to
R*([N*'Tey+ [N** — R>M(6)]e. — DR™[(Aw), 4le,) + R™{Tse,

+R7'[(Cy—C)e.+Cle, ]} + pBHO'U+F(0) =0  (46)

The system of equations—shell plus attached equatorial
beam—is complete upon the addition of constitutive relations for
the beam for which we first need expressions for the extensional
and bending strains in terns of U, ®, and their derivatives. By Egs.
(41), (42), and (45), the internal work (IW) done by the force and
couples in the beam is

2
IW=—J [T' e U+ (Cy+C)Pld6
0

2
=— f {T,U+R'[(Cy—- C)V+(C!+C.-THW]
0

+(C)+C,)D}do (47)

where Tp2 Ty+R™'C.. Integration by parts to remove all deriva-
tives on the force and couples yields

2
IW = f (RT,Ey+ CyKy+ CK + C,K,)dO (48)

0

where the strains associated with the force T, and the couples Cy,
C,, and C, are

E,=RY U +W), K,=R'A', K.=—R'LW,

K,=R'(LV-A) (49)

Here
LE2PAP +1 (50)

In a linear theory free of initial forces and couples, the strain-
energy density of the beam is a homogeneous quadratic function
of the strains. For simplicity, we assume no cross coupling so that
the constitutive equations take the form
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To,=EBHR\(U'+W), Cyz=(GJIB*H*R)A’ (51)

C,=-(EB*H/12R*)LW, C,=(EH’B/12R*)(LV-A) (52)

where 2(1+v)G2E, E is Young’s modulus of the beam, and J is
a geometric torsion factor. See Eq. (171) on p. 313 of Ref. [6]. For
a square cross section, J=0.1406....

6 The Jump Conditions in Terms of the Scalars i, x,
and w
From Eq. (32), the third and fourth of the eight scalar jump
conditions are [w]=[w,g]=0. The first and second of the jump
condition (32) follow upon using Eq. (15) to express [u,]=0 in
n
terms of ¢ and x. Thus, noting that at ¢=1/27, g;,=—g,;=\a
=R? and x|'=R2x,5. x|*=R7*x.4 we have, in summary, four
homogeneous jump conditions
ﬂ¢’0+X’¢H=[[¢’¢_X’0]]=[[W]]=HW7¢]]=O (53)
plus four nonhomogeneous scalar jump conditions that follow
from Egs. (45), and (46) and which we now proceed to express in
terms of our three basic unknowns, w, ¥, and Y.
First note by Egs. (33),, (39), (51),, and (52),, that the moment
equilibrium equation, Eq. (45),, becomes
(GJB*H?*/IR*)A" + (EH’B/12R?)(LV — A) = — R"'D[Aw]
(54)
Second, because x||=R72x,p and x[35=R7%x.4y4 at ¢p=1/27
and because Eq. (53), implies that [x.gell=[1/.g4], we have from
Egs. (16) and (17)
IN*'T=[2AR(1 + )] '[AX] (55)

Finally, because [w]=0, it is not difficult to show by Eq. (53), that

[E1]=R[#00+ X:001=0  and  [Exnl=R[¢h, 44— x:06]=RIAH].
Hence, from the constitutive relation (17)

[N?1=[ARY(1 = )] Ayl (56)

If we resolve the external force acting on the ring-beam into
components by setting

F=Fy0)ey0)+F.(0e.+Fe.(6) (57)
and use the e,-component of the equation of motion to eliminate

T, from the e -component, then the three scalar jump conditions
implied by Egs. (46), with the aid of Egs. (51), (52), and (55)-
(57), read

— DR[(Aw), g’ + [2AR(1 + )] [Ax] - (EB*H/12R) L*W'

+pBH(U+W')+Fy(6) + F/(0) =0 (58)

[AR(1 = )] [Ay] - (EBH¥12R*) L(LV = A) + pBHWV + F_(6)
=0 (59)

- DR[(Aw), 4] - (EBHIR*)(U' + W) — (EB*H/12R*) L*W

+pBHw*W + F,(6) =0 (60)
Note by Egs. (25) and (31) that because [w]=0
[Agl=-(1=»)[1+(1+ Q][] and
[Ax]=-2[1+ (1 +») QX (61)

7 Two Classes of Free Vibrations

At the equator (¢p=1/2), the four homogeneous jump condi-
tions (Eq. (53)) must be supplemented by the following four equa-
tions for computing the beam displacements and local rotation in
terms of w, ¢, and y:

021017-4 / Vol. 77, MARCH 2010

2U=<¢>,+<X’¢)>7 2‘/:<¢3¢)>_<X>’7 2W=<W>, 2A=<W’¢>

(62)
where ()= y(1/2m+,0)+y(1/27—, ), etc.
Remarkably, the homogeneous forms of Egs. (58) and (60) un-

couple from the homogeneous forms of Egs. (54) and (59) yield-
ing two distinct classes of free vibrations characterized by the

following.
For Class I,
V=A=[y]=[Aw]=0 (63)
For Class II,
U=W=[xI=[(Aw),g]=0 (64)

We give more details in Sec. 10.

8 Fourier Decomposition
We assume that the external force acting on the beam has the
representation
M
F(O)=R D F,e™

m=-M

(65)

where R denotes “the real part of.” The nonhomogeneous terms
in the boundary conditions (54) and (58)—(60) induce similar rep-
resentations for w, ¢, and y. Because of linearity, we may con-
sider separately the equations satisfied by each Fourier component
R{Wm > l//m > iXm}eime'

Let

d d
A, & —— +cot p—
d¢ d¢

d d m?
o ese? ¢=a[“ —%] T2
(66)

where x=cos ¢. Then the three field Egs. (20), (25), and (31)
reduce to

B(e®) Wt £ €28+ 2)(A, + 1+ 0w + (1= )71 (A5,
+2w,) - Q%w,, =0 (67)

D{Wrn’ l/’rn} £ Am’/’m"’ (1 - V)‘/’m"' (1 + V)Wm+ (1 - VZ)QZ(/;”I:O

(68)
and
[A,+2+2(1+1)Q%x,=0 (69)
Now
A, PF(x)==\Py(x), NEo(o+]1) (70)

where P} is the associated Legendre function of degree o and
order m of the first kind that may be expressed in terms of the
hypergeometric function F(a,b;c;z) as

(=2)""T'(c+m+1)
m!T(c-m+1)

11 )
+1;-——x
2 2
where I" is the gamma function. See p. 174 of Ref. [7]. In particu-
lar, when we come to impose the jump conditions at the equator
(x=0), we shall need the values there of P’ and its first derivative.
Thus, from pp. 2 and 171 of Ref. [7]

Pl(x) = (l—xz)”sz<m+1+0',m—a';m

(71)
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mr(lileidy,
P(0)= — (3 = )cos[gw(mm)]
\e’Trl"(l +5 Em)
2\
N7 A
= = P(o,m)  (72)
1 1 1 1 1
T(1+50-5m)T(5 - 50— 5m)
and
dP"(cos ¢) dP" (- cos ¢) ‘ dP"(x)
d¢ b=127 d¢ é=1/27 dx |,

_&“F(l+%a+%m).[l ( )]

= V’; —F(%+%0_%m)51n ym(o+m
2m+1\57—7

TG+ so- (1= o= 3m)

£ S(o,m)

(73)

Because P)(x) is singular at x=—1, we work with P(x) in the

lower hemispherical shell and P!'(—x) in the upper hemispherical

shell. We must discard a second independent solution of Eq. (70),

usually denoted by Q''(x), because it is singular at both x=* 1.
We now seek solutions of the form

W U} = D0 U IPR(F ), X = RuPR(F0) (74)
the lower sign indicating coefficients associated with the lower
(0<x<1) hemisphere and the upper sign with the upper (-1
<x<0) hemisphere. Substituting Eq. (74), into Eq. (69) and not-
ing Eq. (70), we obtain

r+1)=2[1+(1+vQ?, >0 (75)

The substitution of Eq. (74), into Egs. (67) and (68) yields two

linear homogeneous equations for the constants Wi and LZ;—; pro-
vided that

22-MN1+pu-N)+2(1-v)'-Q? -(1=-v'\
(1+7v) 1-v=\+(1-1)0?

=0 (76)

This equation yields three values, A, N, and A3, each depending

on the Poisson ratios of stretching and bending, v and u, and the

square of the dimensionless frequency, 2°. Associated with each

\; is an unknown constant iv@,ﬁ and, from the second line of Eq.
(76), a constant

At 1+v) W . .
U= im =C ’)\i»QZ T 77
o )\i_(l_V)[1+(1+V)QZ] (V )lwm ( )
Thus,
3 3
W= S W PL(FR. = 2 Cr N 0P i P(F ),
=1 i=1
Ni=oi(op+ 1) (78)

9 Imposition of the Jump (Boundary) Conditions

If we use Eq. (61) and introduce the dimensionless constants
g2 (plps)(BHIKR), k£ (E/Es)(BH/IR) (79)

in addition to &> and Q? defined in Eq. (21), then the Fourier
components of the three jump conditions (58)—(60) can be written

- 82m|I(Ame VQ]] - [(1 + V)_l + Qz][[Xm]] - k(Bz/lsz)m(mz
-1)°W,, + gQXU,, + mW,) + AR(mF" - F})=0  (80)
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-[(1+ )"+ O[] - k(H12R*) (m* = D)[(m* = 1)V, + A,,]
+gQ%V, +ARF! =0 (81)
= &[(A,w,). 6 + k(mU,, = W,,) — k(B*/12R*)(m* = 1)*W,,
+gQO°W,, + ARF" =0

(82)

where A,, is defined in Eq. (66), and the underlined terms will
prove to be negligible. Henceforth, we assume that m=0(1).
Then, Eq. (68) implies that ¢, and w,, are of comparable magni-
tude, as well as V,, and A,,. The Fourier components of the fourth
jump condition on moments, Eq. (54), nondimensionalized, read

K(GJ/E)(BHIR®Ym*A,, + k(H*/ 12RY)[(m* = 1)V, + A, ]

+ 82[[Amwmﬂ =0 (83)

10 The Fourier Components of the Two Classes of
Free Vibrations

For Class I vibrations, the conditions [#,,]=[w,]=[Aw,,]=0
plus Egs. (72), (73), and (78) imply that [w,]=0, i=1,2,3.
Hence, ;W

T A=A AP
=W, =W, so that

3
Wpel=0= E W S(o,m)=0 and

i=1

3
[[(Awm)ad)]] = 22 wi’n)\ts(o-nm)
i=1

(84)
Moreover, because <1//m,¢>=22?=1v?zfné(v,}\,«,Qz)S(o-,-,m)zo
Thus, Egs. (62), 3, (72), (74), (78), and (85) yield
1 1 ’
Up = 5mhn) + 2 g) = m 2 9, CO N O Pl07m)
i=1
+ XS (7,m) (86)
and
3
Wm = E Winp(o-i’m)? IIXm]] = 2X/mP(Tsm) (87)
i=1

Finally, the jump condition [v,,]=[#,,.gl+m[x,,]=0 becomes

3
E Wﬁné(v,)\,«,ﬂz)S(o’,«,m) +my,,P(1,m)=0 (88)
i=1

When Eqgs. (84),, (86) and (87) are substituted into Egs. (80) and
(82), we obtain, together with Eqgs. (84), and (88), four homoge-
neous linear algebraic equation for the four constants W, , i
=1,2,3, and y,,. This, in turn, leads to a fourth-order determinant
equation for Q2.

For Class II vibrations,

Dl = 0= %= X = Xon = Xon = XnP7 () = (X ) = 0
(89)
Hence, 2U,,=m(,,) +{ X =0 implies that
3

(W) = 2 (0 C(w, N, Q2P0 m) = 0 (90)
i=1

Further, the two Class II conditions [(Aw,,),4]=W,,=0 imply that
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3 3
D (A INS(oum) =0 and D, (@, P(om) =0 (91)

i=1 i=1

[I>

Thus, (¥,,y=0, i=1,2,3, so that p’ =—> 23

From Eqgs. (62), 4,

3
1 1 A
Viu= 5 W) + 5 = 200, C0 N 02 () 4 m R, P(7m)
i=1

(92)
and
' 3
Am = 5<Wm7¢)> = E wfns(o-i’m) (93)
i=1
Finally, [w,]=[u,]J=m[,]+[ X sl=0 implies that
3 3
> Wi P(o,m)=0 and  m X, W C(v\, QD) P(a,m)
i=1 i=1
+ XpS(7,m) =0 (94)

If Egs. (92) and (93) are substituted into Egs. (81) and (83) then,
together with Eq. (94), we obtain four homogeneous linear alge-
braic equation for the four constants W', i=1,2,3 and x,,.
(These are different constants from Class 1.) This, in turn, leads to
a fourth-order determinant equation for Q2.

We have reduced our problem to the solution of two sets of four
linear homogeneous algebraic equations. Using the mode shapes
associated with these two eigenvalue problems, we may synthe-
size the response of the shell-beam system to any periodic forcing
function with a spatial dependence given by Eq. (65). Such an
analysis soon leads to heavy numerical computations. However,
because our final set of equations contains several small param-
eters, perturbation methods are available. Such methods, dis-
cussed in Part II of this paper, not only allow us to proceed further
analytically, but, more importantly, they yield insight into the in-
fluence of these dimensionless quantities.

11 A Special Case: The Natural Frequencies of a Cir-
cular Elastic Beam

In the absence of the shell, the equations for the free vibrations
of an elastic circular beam of rectangular cross section follow
from Egs. (80)—(83) as

— k(B 12R*)m(m* = 1)*W,, + gQX(U,,+ mW,) =0  (95)
—k(HY12R?)(m?> = D[(m* = 1)V, + A, ]+ OV, =0 (96)

K[(mU,, - W,)1- k(B*/12R*)(m* - 1)°W,, + gQ’W,,=0 (97)

and
12(GJIE)(BIH)m*A,, + (m* = 1)V, + A,,=0 (98)
These equations display three distinct types of natural frequencies.

11.1 Extensional Vibrations: £22=0(1) . Equations (95) and
(97) govern Class I free vibrations. If 3?0 and terms of relative
order B%/R? are neglected, they have nontrivial solutions provided

1 m

=0 99
km —k+gQ? 9)

Thus, by Eq. (79)
Q= (klg)(m® + 1) = (E/Eg)(pg/p)(m* + 1) (100)
which, except for the manner of nondimensionalizing, agrees with

Love’s equation (24) on p. 454 of Ref. [2].
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Table 1 Lowest dimensionless natural frequencies for beam-

shell torsion

g (1+v)Q?

0.001 4.9967

0.01 4.9673

0.1 4.6898

1 3.2465

10 2.1793

100 2.0187

1000 2.0019

11.2 Flexural Vibrations: £22=0(B?/R?). Equations (95)
and (97) also govern planar flexural vibrations and have nontrivial
solutions provided

g0 gmQO? — mk(B*/12R*)(m* - 1)?
km g —k

whereas Egs. (96) and (98) govern the out-of-plane flexural vibra-
tions and have nontrivial solutions provided

—(m* = 1)?+ (12RYH?)(g/k)O? —(m*=1)
m?—1 12(BGJIEH)m* + 1

=0 (101)

(102)

If we neglect terms of relative order B?/R?, Eqgs. (101) and (102)
yield, respectively

1 1
m*+ 1" m?+ (EH/IZBGJ)}
(103)
These equations for (22 are of the same form as Eqgs. (21) and (22)
for a beam of circular cross section on pp. 452 and 453 of Ref.

[2]. The flexural frequencies are of the order H/R times the ex-
tensional frequencies, as to be expected.

O? = (kig) (HH12R*)m*(m> — 1)2{

12 Another Special Case: Pure Torsional Vibration
(m=0)

This is a Class I free vibration in which wy=y=Vy=W,=A,
=0, U, is an arbitrary constant and xq# 0.The only nontrivial
equation is Eq. (80), which reduces to

[+ (1 + ) Q4 xel + g(1 + 1)Q*Uy=0 (104)
From Eq. (86), Uy=1/2(x0.4)=1/2[%0]S(7,0) and from Eq. (87),
[xol=2x0P(7,0). Hence, the natural frequencies satisfy
~[1+ (1 +)Q%P(7,0) + 3mg(1 + 1)QS(7,0) =0  (105)
or by Egs. (72) and (73)

1
I? (1 +=-7
1+(1+0)Q%=g(1+v)Q? 1
F2<— +-7
2 2
where from Eq. (75)
== 214 \2 4201+ )%= 1+ (2/3)(1 + VQ?+ 0(QY)
(107)
Table 1 lists values of (1+v){? corresponding to various values
of g2 (p/ps)(BH/hR) for the lowest natural frequency of the
beam shell, as determined from Eq. (106). As g— oo, the beam
becomes relatively massive and the natural frequency is that of a
closed spherical shell in which the equator is a nodal line. This

corresponds to the case n=2 discussed by Niordson on p. 318 of
Ref. [1], except that in this limiting mode, the upper and lower
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hemispheres move in the same direction, whereas if the beam is
motionless (or absent), there is another n=2 mode in which the
upper and lower hemispheres move in opposite directions. As g
decreases, the equator of the shell begins to move in the opposite
direction from the upper and lower parts of the shell so that in the
limit as g—0, the natural frequency is again that of a closed
spherical shell, but now moving in an n=3 mode, as discussed by
Niordson on the same page as above.

13 Conclusion

Thanks to the decoupling of the equations governing the natural
frequencies of vibration of an elastic spherical shell fixed to an
elastic equatorial beam, we need only find the nontrivial solutions
of two uncoupled sets of four homogeneous linear algebraic equa-
tions. These contain relative errors no greater than those inherent
in the classical equations in linear beam and shell theory. How-
ever, because the ratios of the beam and shell thicknesses to the

Journal of Applied Mechanics

midsurface radius of the shell are small, perturbation methods
may be used to greatly simplify the equations. These are the focus
of Part II of this paper.
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